We have investigated the band structure at the Γ point of the three-dimensional (3D) topological insulator Bi2Se3 using magneto-spectroscopy over a wide range of energies (0.55 − 2.2 eV) and in ultrahigh magnetic fields up to 150 T. At such high energies (E > 0.6 eV) the parabolic approximation for the massive Dirac fermions breaks down and the Landau level dispersion becomes nonlinear. At even higher energies around 0.99 and 1.6 eV, new additional strong absorptions are observed with a temperature and magnetic-field dependence which suggest that they originate from higher band gaps. Spin orbit splittings for the further lying conduction and valence bands are found to be 0.196 and 0.264 eV.
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Topological insulators, which have a finite insulating bandgap in the bulk form, but which can become gapless at the surface, have been intensively investigated as a new class of quantum matter. [1] [2] [3] Their surface states have topologically-protected Dirac fermions with spins locked to their translational momentum due to a strong spin-orbit coupling, giving them considerable potential to be used in future electronic and spintronic devices.
4,5
The experimental observation of a single Dirac cone in the surface state by angle-resolved photoemission spectroscopy (ARPES) was reported for Bi 2 Se 3 , 6,7 Bi 2 Te 3 8
and Sb 2 Te 3 , 9 confirming that they are three-dimensional (3D) topological insulators with large bandgap in the bulk (0.1-0.3 eV). This observation stimulated a large body of work to investigate the unconventional properties arising from the topological surface states. However, there have been few experimental studies of their band structures in the bulk, despite the fact that the origin of topological surface states is critically dependent on the band inversion in the bulk crystal. In Bi 2 Se 3 , the bulk band structure has been described using a massive Dirac Hamiltonian with a negative mass parameter caused by band inversion due to strong spin-orbit coupling.
10,11
While ARPES studies have reported the existence of a camelback-like band structure at the Γ point "near the surface" of Bi 2 Se 3 consistent with the band inversion in the bulk, 7 other techniques such as magneto-transport and infrared spectroscopy favor a bulk behavior with a direct bandgap at the Γ point (i.e. no camelback-like structure).
12, 13 The latter results are supported by theoretical GW calculations 14, 15 which suggest that electronelectron interactions suppress the camelback-like structure in the bulk bands of Bi 2 Se 3 .
Magneto-optical studies recently revealed the band character in the bulk of Bi 2 Se 3 , which has been described by a massive Dirac Hamiltonian with a negative mass term. 16 Remarkably, the observed evolution of the Landau-level energies in Bi 2 Se 3 remain linear even up to 32 T, indicating that for the energies investigated (E < 0.6 eV), the band dispersion in the bulk of Bi 2 Se 3 is almost perfectly parabolic. The GW calculations 14, 15 have suggested the existence of higher direct bandgaps at the Γ point, in the near infrared and visible range. The higher conduction and valence band can influence carriers in the lower bands, especially in the presence of an applied magnetic field. To date only limited evidence of the higher band transitions has been presented 17 from fitting of the dielectric function at room temperature.
In this paper, we present magneto-optical studies of single crystal thin-film Bi 2 Se 3 using ultrahigh magnetic fields up to 150 T over a wide range of energies (0.55 to 2.2 eV). The single crystal thin films are grown on cplane sapphire substrates using molecular beam epitaxy, as described in detail in Refs.18 and 19. We reveal the nonlinear magnetic-field evolution of the Landau levels of fundamental bands in the bulk form of Bi 2 Se 3 , which is explained by the massive Dirac model with the negative mass term. At high energies, ∼0.99 and 1.6 eV, additional strong absorptions are observed. From their temperature and magnetic-field dependence, they are assigned as the lowest interband Landau level transitions of 2 nd and 3 rd bandgaps, respectively.
Figure 1(a) shows representative differential (normalized by dividing by zero-field spectra) transmission spectra, T (B)/T (0), in Bi 2 Se 3 taken at 35, 47, 60 and 67 T which reveal a number of well resolved absorption minima. At energies below 0.95 eV, we observe features due to inter Landau level absorption across the direct gap (transitions labeled E 1 ) at the Γ-point. To study these absorptions in detail we performed magnetic field dependent measurements up to 150 T, using an explosive single turn coil and single frequency sources .
20 Figure 1 Figure 2(a) shows the Landau level fan chart combining our transmission data with the low-energy data of Orlita et al.. 16 The dipole allowed (∆n = ±1) interband inter Landau levels transitions, calculated using the 4 × 4 massive Dirac Hamiltonian 10,11 reproduce the data perfectly, with a band gap of 2∆=0.19 eV, Fermi velocity v D = (0.465 ± 0.05) × 10 6 ms −1 , negative mass term M = −(17±0.5) eVÅ 2 . The electron-hole asymmetry parameter C = (3 ± 0.5) eVÅ 2 , which reflects the different electron and hole effective masses, was determined from the observed splitting of interband Landau level transition, indicated by arrows in Fig. 1 
(b).
Our fitting parameters are identical within experimental error with those obtained by Orlita et al., 16 with the important exception of the negative mass term. Our higher energy data places stronger constraints on the value of M and our value of |M | = 17 eVÅ 2 is roughly 25% smaller than found by fitting to the low energy data of Orlita et al.. This implies that the condition . This also has implications for the magnetic field B c =h∆/|eM | at which the n = 0 Landau levels of the conduction and valence bands cross. The lower value of |M | found here shifts B c to higher magnetic field (B c 390 T compared to the value of around 300 T estimated by Orlita et al.).
In Fig. 2(b) , the experimentally obtained inter band Landau level transition energies, with different indexes are scaled into the same energy-momentum dispersion of Bi 2 Se 3 , deduced from the relation between the momentum k and magnetic field B. Neglecting electron hole asymmetry, and assuming a parabolic dispersion, the energy of a dipole allowed transition n → n + 1 or n+1 → n is given by E n = 2∆+[(n+γ +1)+(n+γ)]hω c with γ = 0 for massive Dirac particles. This can be rewritten using the reduced exciton mass µ = m * /2 to give E n = 2∆ + (n + 1/2)eB/µ. Equating the magnetic energy toh 2 k 2 /2µ gives an expression for the k vector k = 2eB(n + 1/2)/h, which is equivalent to the Bohr-Sommerfeld quantization of area in k -space which is independent of the particle mass values assumed. In the plot of the observed transition energies versus k = 2eB(n + 1/2)/h, all the data collapse onto a single curve. The broken line in Fig. 2(b) shows a parabolic dispersion using a band gap 2∆ = 0.2 eV and reduced exciton mass µ=0.08m 0 (m 0 is the free electron mass). For energies above 0.6 eV a clear deviation from the simple parabolic model is observed reflecting the transition towards a √ B dependence for the energy of Dirac fermions, which is clearly visible in Fig. 2 (a) . The reduced mass is consistent with recent results obtained by Shubnikov de Haas (SdH) measurements for n-type and p-type samples of Bi 2 Se 3 ; the range of effective masses of the electrons and holes respectively is 0.12-0. The observed shift cannot be attributed to a temperature dependence of the fundamental band gap energy 2∆ in the massive Dirac model as the avoided band crossing at low energies has almost no influence on the high energy inter band Landau level transitions. Instead we argue that this is due to a temperature dependence of the Fermi velocity and the negative mass parameter. In Fig. 3(b) we plot the observed transition energies at 7 and 300 K together with the transition energies calculated using the Dirac like Hamiltonian. From these we deduce, in Fig. 3(c) , the temperature dependence of v D and M . By 300 K the Fermi velocity has dropped to v D = 0.445×10 6 m s −1 , significantly ( 6%) lower than the low temperature value. At the same time the negative mass parameter has changed by around 10% to M −15.5 eVÅ 2 at 300K.
We now turn our attention to the transitions observed at higher energies in Fig. 1(a) . There is clear evidence for a 2 nd band gap, with a pair of absorptions at 0.986 eV and 1.25 eV which we assign to a pair of transitions from a lower spin orbit split valance band 11 to the lowest empty conduction band (labeled E 2± ). At still higher energies, we observe absorption from a second pair of transitions for the 3 rd band gap at 1.604 eV and 1.8 eV due to transitions (labeled E 3± ) from the lowest occupied valence band to a higher spin orbit split conduc- tance band. The observed optical transitions at the Γ point are shown schematically in Fig. 4(d) . The transition energies (solid lines) are compared with the transition energies predicted by several LDA/GW band structure calculations 14, 15, 23, 24 (symbols) shown in Fig. 4(e) . The absolute values of the band gaps are in generally good agreement with theory and the spin-orbit splittings of the lower valence band (0.264 eV) and upper conduction band (0.196 eV) are also in good agreement with the predicted values. These higher band gaps are also consistent with those (1.0 eV and 1.6 eV) estimated from fitting the dielectric functions of bulk Bi 2 Se 3 at 300 K as reported in Ref. 17 , although the spin-orbit splitting could not be resolved.
We now examine the temperature and magnetic-field dependence of the higher-energy absorptions. Figure 4 (a) shows the temperature dependence of the transmission spectra at temperatures of 10 K and 50 to 300 K (50 K step). The E 2− transition around 0.99 eV from the lower spin orbit split valence band (2 nd band gap) shows a clear shift towards higher energies with decreasing temperature, which is plotted in Fig. 4(b) (the small feature labelled WA is a water absorption around 1.04 eV.
25 ) The temperature dependence was fitted using the well known expression for the temperature dependence of a semiconductor bandgap,
where E g (T ) is the band gap at the temperature T with E g (0) = 0.986 eV, S = 0.423 is a dimensionless coupling constant and hω = 19.4 meV is the average phonon energy (see Fig. S3 for the temperature dependence of 1.6 eV absorption). The average phonon energy is within the range of optical phonon energies (4.6-21.6 meV) seen in Raman spectroscopy in the literature.
27
Figure 4(c) shows the magnetic field dependence of the transmission spectra, T (B), at 0, 120 and 150 T, measured using a super-continuum light source (white-light laser) in the range 1.1 to 1.7 m. A single 20ns light pulse is synchronized with the magnetic field pulse from the single turn coil and the spectrometer acquisition window. The light pulse is beamsplit and the sample transmission normalised against the same pulse to account for pulse to pulse variability. The E 2− around 0.99 eV at 0 T shows a small but clear shift towards higher energy with increasing magnetic fields (∼15 meV shift at 150 T) and a field induced increase in intensity. This small diamagnetic shift compared with that of ∼100 meV (Fig. 2) seen for the fundamental band gap is consistent with the assignment of this transition as a strongly bound excitonic state associated with the second band gap. The increase in intensity and shift produced by the magnetic field also result in the strong differential transmission signals seen in Fig. 1 for the E ± 2 and E ± 3 transitions, which allows them to be distinguished from the higher quantum number interband Landau level transitions of band gap E 1 seen in a similar energy range in Fig. 1(a) .
The relative strenghts of the band edge E 2− transition and the higher landau level E 1 transitions can be seen in Fig. 1(b) from the magnetic field dependent transmission in the 100T range of magnetic fields at 1.0 eV where changes as large as 20% can be seen, compared to the few % changes for the higher Landau levels. This is further evidence that the E 2− and E 3− transitions are not highorder Landau levels of the fundamental band gap, but the lowest interband Landau level transitions of the 2 nd and 3 rd band gaps with intensities enhanced by excitonic interactions. Such behavior is typical of that seen, for example, in magneto-transmission studies in the 100T range of magnetic fields for excitonic states in GaSe 28 and the organic lead halide perovskite CH 3 NH 3 PbI 3 .
29
The exciton diamagnetic shift can be used to estimate some properties of the higher band gap excitonic states using the expression, 30, 31 
which does not require a knowledge of the dielectric constant and where r is the size of the exciton wavefunction and µ is the exciton reduced effective mass between the CB 1 and V B 2− interband transitions. Recent recent k.p calculations 23 suggest that the effective masses in the lower valuence band and upper conduction bands will be comparable to those for CB 1 and V B 1 , allowing us to approximate µ to be on the order of µ=0.1 m 0 . This means that Eq.2 predicts that the exciton size is only on the order of r 2 = 1.8 nm. This seems surprisingly small given the well know high values for the dielectric constant of Bi 2 Se 3 , which has been shown to be of order 30 even up to photon energies as high as 2 eV. 17 However such a value would be consistent with the idea that there is be a significant excitonic contribution to these higher band transitions which influences the band edge absorption.
In conclusion we have used magnetospectroscopy over a wide range of energies (0.55 to 2.2 eV) and magnetic fields up to 150 T to investigate the bulk band structure of the topological insulator Bi 2 Se 3 . The interband Landau level transitions of the fundamental bandgap are observed to deviate from the previously reported 16 linearity at high-energies, but can be described by a 4×4 massive Dirac Hamiltonian with a negative mass term arising from band inversion caused by strong spin-orbit coupling. Furthermore, in high magnetic fields the differential absorption spectra, T (B)/T (0), reveal new strong resonances which were assigned as the lowest interband Landau level transitions of the 2 nd and 3 rd bandgaps observed at high energies around 0.99 and 1.6 eV, with clearly resolved spin-orbit splittings. From their temperature and magnetic-field dependence, they were assigned as excitonic band edge transitions for these higher bandgaps. 
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